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We obtain results on the convergence of Galerkin solutions and
continuous dependence on data for the spectrally-hyperviscous
Navier–Stokes equations. Let uN denote the Galerkin approximates
to the solution u, and let wN = u − uN . Then our main result
uses the decomposition wN = PnwN + QnwN where (for ﬁxed n)
Pn is the projection onto the ﬁrst n eigenspaces of A = − and
Qn = I − Pn . For assumptions on n that compare well with those
in related previous results, the convergence of ‖QnwN (t)‖Hβ as
N → ∞ depends linearly on key parameters (and on negative pow-
ers of λn), thus reﬂective of Kolmogorov-theory predictions that
in high wavenumber modes viscous (i.e. linear) effects dominate.
Meanwhile ‖PnwN (t)‖Hβ satisﬁes a more standard exponential es-
timate, with positive, but fractional, dependence on λn . Modiﬁca-
tions of these estimates demonstrate continuous dependence on
data.
© 2009 Published by Elsevier Inc.
1. Introduction
We obtain strong convergence results for Galerkin-projection approximations and estimates that
establish continuous dependence on data for solutions of the 3D spectrally-hyperviscous Navier–
Stokes equations (SHNSE):
ut + νAu + μAϕu + (u · ∇)u + ∇p = g, (1.1a)
∇ · u = 0. (1.1b)
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force, and p is the pressure. We have that ui = u(x, t), gi = gi(x, t), i = 1,2,3, and p = p(x, t) where
x ∈ Ω, a domain in R3.
We assume that Ω is a periodic box, then “moding out” the constant vectors as in standard prac-
tice, A has eigenvalues 0 < λ1 < λ2 < · · · with corresponding eigenspaces E1, E2, . . . ; let Pm be the
projection onto E1⊕· · ·⊕ Em , let Qm = I− Pm and let P E j be the projection onto each E j . The general
class of operators Aϕ that we consider satisfy Aϕ =∑∞j=1 a(λ j)P E j such that (for a constant α > 1)
Aϕ  Am ≡ QmAα in the sense of quadratic forms, i.e., (Aϕ v, v) (Amv, v).
Particular distributions of the coeﬃcient a(λ) that we have in mind come from certain subgrid-
scale (SGS) closure models for the Navier–Stokes equation (NSE), the NSE being (1.1) with μ ≡ 0.
In particular spectral eddy-viscosity (SEV) techniques suggest an Arrhenius-like exponential depen-
dence of a(λ) on λ, so that a(λ) is small for low to intermediate wavenumbers and then rises
rapidly as λ approaches the limit of the resolvable wavenumbers (see [4,5,25] for further discus-
sion and references). Though originally conceived with second-order operators in mind, the use of
hyperviscosity to model the rapid rise of a(λ) for large λ was suggested in [8]. In the spectral
vanishing viscosity (SVV) method, the distribution of a(λ) is similar to the SEV case, but a(λ) is
identically zero for low wavenumbers; this corresponds to a distinguished class of Aϕ in which
a(λ j) = 0 for j  m0  m, 0  a(λ j)  λαj for m0  j  m, and a j(λ j)  λαj for j  m + 1, where
m0 stays reasonably close to m. Indeed, “SVV can be thought of as using hyperviscous dissipation
that will affect only the high Fourier modes” [23]. Typically SVV is implemented with second-order
operators or kernels for computational simplicity, but the full realization of hyperviscous SVV has
been contemplated, e.g. by using discontinuous Galerkin methods as suggested in [23]. Both the
SEV and SVV versions of a(λ) are included in the assumption Aϕ  QmAα , where m is bounded
above by the limit of the resolvable wavenumbers. The direct practical effect, particularly in the
SVV case, is to enforce the rapid decay of high wavenumbers, as predicted by the Kolmogorov the-
ory [24], while preserving spectral accuracy and in particular the detailed features of the inertial
range.
In [19] the NSE with spectral hyperviscosity was ﬁrst studied theoretically and therein regularity
results were obtained and it was argued that the model (1.1) improves spectral accuracy and regu-
larizing properties compared with SEV. In [1] we adapted elements of the “CFT” framework [9,11,12,
32,33], and in particular applied the generalized Lieb–Thirring inequalities developed in [32,33], to
obtain estimates on the dimension of the attractor for (1.1). These results compare well with those
obtained for the NS-α model ([13]; see also [20,21]). Additionally in [1] we adapted the machinery
developed in [16,17] to establish the existence of an inertial manifold of dimension m0 for typical Aϕ
in the distinguished-class case with α  3/2, which implies that for m0 large enough eigenmodes free
of hyperviscosity control the essential dynamics.
Regarding in particular the attractor results in [1], let dimF A and dimH A be respectively the
fractal and Hausdorff dimensions of the attractor A, then we demonstrated that dimH A dimF A
Kmaκbd where κd is the (normalized) Kolmogorov wavenumber, K = cKα(α)(ν/μ)9/(10α) where Kα(α)
is on the order of magnitude of unity, c is a dimensionless constant depending only on the shape
(but not the size) of Ω , (ν/μ)9/(10α) is of manageable size as discussed in [1], a = 3(α − 1)/(5α)
is a fractional power, and b = (6α + 9)/(5α) < 3. In particular we found that dimH A  dimF A 
Kmaκbd  Kκ3d for m  κ3d , i.e. for m so large as to suggest machine-indistinguishability from NSE
solutions. This robust conformance with the Landau–Lifschitz estimates [28] appears to be unique
among NSE closure models, and to achieve this kind of behavior the NSE only needs to be regularized
in the highest modes; meanwhile b is signiﬁcantly lower for more realistic choices of m, implying
the ability of the model (1.1) to reduce the number of degrees of freedom in spectrally-accurate
turbulence simulation.
With simulation in mind as well as further exploration of the ﬁnite-dimensional character of (1.1)
we study here convergence results of Galerkin approximations to (1.1); as corollaries of our estimates
we will also obtain results on the continuous dependence on data. Let PN be the projection onto
E1 ⊕ · · · ⊕ EN for some N >m, then the Galerkin approximation uN to u satisﬁes
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∇ · uN = 0 (1.2b)
where gN = PN g and for initial data we take uN (x,0) = PNu(x,0). Let wN = u− uN , let GN = g − gN ,
and let Lg and Ug be deﬁned as in (2.8) and (2.12) below, then our goal in this paper is to establish
estimates that show that wN → 0 strongly as N → ∞. Our ﬁrst result in this direction uses a more
standard approach but nonetheless generalizes results in [35] applicable to (1.1) with m = 0.
Theorem 1. Let T > 0, then for any β  1 and for some θ  1/2 we have for all 0 t  T that if α  3/2
∥∥Aβ/2wN(t)∥∥22 WN(t)e 4μλα−1m C0C0,1T (1.3a)
where C0 is a generic constant and C0,1 is a polynomial in U g and T of degree depending on θ . Ifα−3 β  α
then for γ = (α − β)/2 we obtain
∥∥Aβ/2wN (t)∥∥22 WN(t)exp
(
8
μ
λα−1m
C0
(νλ21)
t∫
0
‖g‖22 ds
)
. (1.3b)
Here
WN(t) ≡
∥∥Aβ/2wN(0)∥∥22 + 4λα−1mμ
t∫
0
(∥∥A−γ GN∥∥22 + ∥∥A−γ QN(u · ∇)u∥∥22)ds. (1.3c)
That (1.3c) implies uniform convergence of ‖Aβ/2wN (t)‖2 to zero on each [0, T ] can be seen by
using the Dominated Convergence Theorem. In particular for the term ‖A−γ QN (u · ∇)u‖22 in the case
1 β  α we use (2.13a) below to show that there is a generic constant M0 such that
∥∥A−γ QN(u · ∇)u∥∥22 = ∥∥QN A−γ (u · ∇)u∥∥22

∥∥A−γ (u · ∇)u∥∥22  M0‖∇u‖22∥∥Aβ/2u∥∥22. (1.4)
Now ‖Aβ/2u‖22 is uniformly bounded for any β by the remarks on regularity in [1, Section 2], and
ν
t∫
0
‖∇u‖22 ds ‖u0‖22 +
1
νλ1
t∫
0
‖g‖22 ds (1.5)
by the appropriate modiﬁcation of the standard energy inequality (see (2.6) below). For β  α we
replace ‖∇u‖22 by ‖Aθu‖2 on the right-hand side of (1.4) via (2.15b) below and use the uniform
boundedness of ‖Aθu‖2 from [1] as noted. Meanwhile ‖GN‖2  ‖gN‖2 + ‖g‖2  2‖g‖2, thus by the
Dominated Convergence Theorem, since both the left-hand side of (1.4) and ‖GN‖22 go to zero as
N → ∞ for each t , we have that (1.3c) goes to zero as N → ∞.
We remark that the results in [2] together with the regularity discussion in [1] noted above show
that solutions to (1.1) are globally regular for any divergence-free u0 ∈ Hβ/2 and any positive β . These
results generalize the classical results in [29] for the case m = 0 in which global regularity is demon-
strated for β/2 = α  5/4. We have assumed β  1 for greater simplicity in proving some of our
foundational estimates and for utility of application in stating our results; in particular the case β = 1
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tion 2] show that the solutions for all positive times are in Hβ1/2 for any β1 > 0, our theorems can
be adapted to hold for less regular initial data by replacing u0 by u(x, δ) for any δ > 0.
In the case of decaying turbulence (DT), which we deﬁne as the condition
g ∈ L2([0,∞]; L2(Ω)), (1.6)
let
G∞ =
∞∫
0
‖g‖22 ds, (1.7)
then the following follows immediately from Theorem 1 using the dominated convergence arguments
above for β  α.
Theorem 2. Suppose g is in the DT case (1.6), and suppose that α  3/2 and β  α. Then for WN (t) as in
(1.3c) we have for each t  0 that
∥∥Aβ/2wN(t)∥∥22 WN(t)e 8μλα−1m C0(νλ1)2G∞ (1.8)
and so by the remarks above the convergence uN → u in Hβ is uniform on [0,∞) as N → ∞.
In [35], C1-convergence of Galerkin solutions was established on each [0, T ] for a general class
of semilinear parabolic PDE which include the HNSE, i.e. (1.1) with m = 0. In addition to considering
arbitrary m here, we can allow for arbitrarily-sized initial data while in [35] PNu0 needs to be in a
compact trapping region. Since in Theorem 1 β > 0 is arbitrary, we have convergence in Ck for all k
by the Sobolev embedding theorems. In the case of decaying turbulence as noted, we obtain uniform
Hβ -convergence on all of [0,∞). Finally, the estimates given by (1.3a)–(1.3c) depend explicitly on
generic constants and the data.
Before discussing our next convergence results we note the following additional property of the
DT case:
Theorem 3. Let (1.1) be such that g is in the DT case, then∥∥Aβ/2u(t)∥∥2 → 0 as t → ∞ (1.9)
for all β > 0.
This is also a simple consequence of the assumption (1.6), though slightly less immediate than
Theorem 2; we prove it in Section 2 below.
The results in Theorem 1 can be improved in the case β  α by using a spectral decomposition
approach. This was the strategy in [1, Section 2], wherein regularity bounds for Qmu were found
depending on negative powers of m. The techniques used can be adapted to apply similarly to Qnu
for any nm, thus showing that the effects of the high wavenumber modes are minimized for large
enough n (here Qn = I − Pn where Pn projects onto E1 ⊕ · · · ⊕ En). Such results roughly reﬂect the
Kolmogorov theory of turbulence [24], which predicts that the high wavenumber modes decay rapidly
and quickly become of no dynamical consequence. Additionally the theory predicts that the dynamics
in the high wavenumber modes are dominated by the (linear) effects of viscosity. In what follows
we will seek as much as possible to achieve convergence estimates for the high wavenumber modes
that become minimal for large enough n while depending on linear combinations of the data and the
input from the low wavenumber modes.
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allow the model to be ﬁxed while studying the convergence behavior of QnwN and PnwN for various
choices of n. Since N → ∞ we can without loss of generality assume that N > n. In analyzing the
convergence of PnwN and QnwN separately in the next theorems, our techniques will in part resem-
ble those developed for the determining-modes theory ([10,15,22], also see [14, Chapter III]). But to
reduce the exponential dependence on data new techniques will need to be constructed.
Let η 0 be such that
‖u0‖22  (1+ η)
(
Lg
νλ1
)2
(1.10)
and let
ρP (t) = sup
0st
∥∥Aβ/2PnwN(s)∥∥22, (1.11)
ρQ (t) = sup
0st
∥∥Aβ/2QnwN(s)∥∥22, (1.12)
F Q ,N(t) = 4
μ
‖QnGN‖22 +
4
λ
γ
1
∥∥A−γ QN(u · ∇)u∥∥22, (1.13)
and
FQ ,N(t) = sup
0st
t∫
0
e−μ(s−τ )λ
α
n+1 F Q ,N (τ )dτ , (1.14)
then for n chosen large enough the next result achieves estimates on ‖Aβ/2QnwN (t)‖22 that depend
on linear combinations of terms involving ρP (t), Aβ/2Qnw(0), QnGN , and QN (u · ∇)u.
Theorem 4. Assume that α  3/2 β  1. Let Lg, η, ρP (t), ρQ (t), and FQ ,N be as above, then if we assume
that
λ
2α−5/2
n+1 
16C1
μ2
(
5+ 3η + νλ1
μλαn+1
)(
Lg
νλ1
)2
(1.15)
we have for a generic constant C1 that
ρQ (t) 2
∥∥Aβ/2QnwN(0)∥∥22 + 2FQ ,N (t)
+ 16C1
μ2λ
2α−5/2
n+1
(
5+ 3η + νλ1
μλαn+1
)(
Lg
νλ1
)2
ρP (t). (1.16)
The estimate (1.16) improves for larger n, and the convergence is uniform on any interval for which
uniform convergence holds for ρP (t). Just as signiﬁcantly, we see that in some sense the convergence
of QnwN to zero is controlled in large part by the convergence of PnwN , in analogy with results on
determining modes (DM) for the NSE and with the inertial-manifold (IM) results in [1,16,17].
It is thus useful to compare our conditions on n with similar conditions imposed in the DM and
IM results. The condition (1.15) basically requires that λα−5/4n+1 > c1(ν/μ)G where G = Lg/(ν2λ3/41 ) is
the Grashoff number and c1 = 4C1/21 λ1/41 [5+3η+ (ν/μ)(λ1/λαn+1)]1/2 is a generic constant (as will be
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in [1] were of the form λn > c2G2 when α  5/2; such a lower bound is improved here for any
α > 7/4 and further improves as α grows. Using λn ∼ cλ1n2/3 the lower-bound condition is satisﬁed
if n(2/3)α−5/6 > c3(ν/μ)G . This gives n > c3(ν/μ)2G2 when α  2, comparable to the 2D no-slip
estimate for determining modes n > c4G2 in [15]. For α  11/4 we match the condition n > c5G
derived in [22] for the 2D periodic case, in particular we have n > c6(ν/μ)6/7G6/7 for α = 3, and
n > c7(ν/μ)6/11G6/11 for α = 4, used in [8] for m = 0. The Grashoff number is an upper bound for
[l0/l ]2; assuming that this is a sharp upper bound makes G1/2 the wavenumber boundary of the
inertial range. We cross this boundary as α passes 17/4; values as high as α = 8 were used in [3,4]
in applications of (1.1) when m = 0.
Note that under the minimum conditions on n in Theorem 4 we have the condition that
ρQ (t) 2
∥∥Aβ/2QnwN(0)∥∥22 + 2FQ ,N(t) + ρP (t). (1.17)
This simple expression can be used to obtain an estimate on ρP (t) that improves the estimate in
Theorem 1 and depends only on the data on the right-hand side of (1.17) and on Ug .
Theorem 5. Let C0 , Lg , η, and FQ ,N be as above, assume that α  3/2 β  1, and let
LGN ≡ sup
0st
3
νλ1
s∫
0
e−νλ1(s−τ )
∥∥GN(τ )∥∥22 dτ (1.18)
then we have on each interval [0, T ] that for wN,0 = wN (0), G0 = Lg/(νλ1), and for
WN,0(t) ≡
∥∥Aβ/2PnwN,0∥∥22 + 3LGN(νλ1)2
+ 6λ
1/2
n C0(3+ 2η + ν)
ν2
G20
(∥∥Aβ/2QnwN,0∥∥22 + FQ ,N(t)) (1.19)
we have that
ρP (t)WN,0(t)exp
(
12λ1/2n C0
ν2
[
(1+ η)G20 +
1
νλ1
t∫
0
‖g‖22 ds
])
(1.20)
and in the case of decaying turbulence we can replace
∫ t
0 ‖g‖22 ds by G∞ ≡
∫∞
0 ‖g‖22 ds and have uniform
convergence for all t  0.
Note the fractional dependence on n in both (1.19) and (1.20); in fact, since λn ∼ cλ1n2/3, this
dependence is like n1/3. We will discuss further the signiﬁcance of Theorem 4 in the conclusion. We
will also discuss in greater detail the background behind the SEV and SVV models to give additional
context to the results presented here. Meanwhile, after making some preliminary observations and
calculations in the next section, as well as proving Theorem 3, we will prove Theorem 1 (and thus
Theorem 2) in Section 3. In Section 4 we will prove Theorems 4 and 5, and in Section 5 we will
discuss results which adapt the techniques of Theorems 4 and 5 to obtain continuous dependence on
data in the context of spectral decomposition.
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We express the Sobolev inequalities on Ω in terms of the operator A = −:
‖υ‖q  M1
∥∥Aθυ∥∥p (2.1)
where q  3p/(3 − 2θ p) and M1 = M1(θ, p,q,Ω). For the semigroup exp(−t A) we have the decay
estimate
∥∥e−t Aυ∥∥2  ‖υ‖2e−λ1t (2.2)
and, since A is analytic there is a constant c2 such that∥∥Aβe−t Aυ∥∥2  c2t−β‖υ‖2 (2.3)
for any β > 0 where Aβ is deﬁned by Aβ =∑∞j=1 λβn P E j where as above P E j is the projection onto
the jth eigenspace. Like the standard NSE, (1.1) satisﬁes an energy inequality, which we derive as
follows: taking the inner product of both sides of (1.1) with u we have that
1
2
d
dt
‖u‖22 + ν
∥∥A1/2u∥∥22 + μ∥∥A1/2ϕ u∥∥22 = (g,u) (2.4)
noting that since divu = 0 we have that (∇p,u) = 0 and ((u · ∇)u,u) = −((∇ · u)u,u) = 0.
Now
(g,u) = (A−1/2g, A1/2u) ν
2
∥∥A1/2u∥∥22 + 12ν
∥∥A−1/2g∥∥22; (2.5)
combining (2.5) with (2.4) using Aϕ  QmAα and multiplying by 2 we have our basic energy inequal-
ity
d
dt
‖u‖22 + ν
∥∥A1/2u∥∥22 + 2μ∥∥QmAαu∥∥22  1νλ1 ‖g‖22 (2.6)
where we note that by Poincaré’s inequality ‖A−1/2g‖2  λ−1/21 ‖g‖2; note that (2.6) reduces to the
standard NSE energy inequality when μ = 0. We will use 2 consequences of (2.6), the ﬁrst obtained
by discarding the term u‖A1/2ϕ u‖22 and again using Poincaré to obtain
d
dt
‖u‖22 + νλ1‖u‖22 
1
νλ1
‖g‖22 (2.7)
so that, setting
Lg = sup
t0
‖g‖22 (2.8)
we have that
d ‖u‖22 + νλ1‖u‖22 
L2g
. (2.9)
dt νλ1
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∥∥u(t)∥∥22  ‖u0‖22e−νλ1t +
t∫
0
(
L2g
νλ1
)
e−νλ1(t−s) ds (2.10)
or, since L2g/(νλ1) is a constant,
∥∥u(t)∥∥22  ‖u0‖22e−νλ1t +
(
Lg
νλ1
)2
. (2.11)
Thus we have the a priori estimate
∥∥u(t)∥∥22  ‖u0‖22 +
(
Lg
νλ1
)2
≡ U2g . (2.12)
Next we prove the following technical lemma which will be used several times in the sections to
follow:
Lemma 6. Let v ∈ H1(Ω), let w ∈ Hβ/2(Ω), and suppose that α  3/2, α  β , and β  1. Then for γ =
(α − β)/2 there exist constants M0 and M ′0 such that∥∥A−γ (v · ∇)w∥∥2  M0‖∇v‖2∥∥Aβ/2w∥∥2 (2.13a)
and
∥∥A−γ (w · ∇)v∥∥2  M ′0∥∥Aβ/2w∥∥2‖∇v‖2. (2.13b)
For σ = α/2− 3/4, β  3/2, and nm there exist constants K0 and K ′0 such that∥∥A−γ Qm(v · ∇)w∥∥2  λ−σm+1K0‖∇v‖2∥∥Aβ/2w∥∥2 (2.13c)
and
∥∥A−γ Qm(w · ∇)v∥∥2  λ−σm+1K ′0∥∥Aβ/2w∥∥2‖∇v‖2. (2.13d)
In proving this we start with (2.1) which gives a constant M2 = M1(γ /2, p,2,Ω) such that∥∥A−γ (v · ∇)w∥∥2  M2‖v · ∇w‖p  M2‖v‖rp‖∇w‖sp (2.14a)
where p = 6/(4γ +3). We want rp = 6 so that by (2.1) ‖v‖rp  M3‖∇v‖2 for M3 = M1(1/2,2, rp,Ω),
which means that r = 4γ + 3. Then s = (4γ + 3)/(4γ + 2) so that sp = 3/(2γ + 1). From (2.1) there
exists an M4 such that ‖∇w‖sp  M4‖A(β−1)/2(∇w)‖2 = M4‖A(β−1)/2A1/2w‖2 = M4‖Aβ/2w‖2 pro-
vided that sp = 3/(2γ + 1)  6/(3 − 2(β − 1)) which holds provided that 4γ + 2  3 − 2β + 2 or
2α − 2β + 2 3 − 2β + 2 which requires that α  3/2. Thus we obtain (2.13a) with M0 = M2M3M4
for β  1.
For (2.13c) we modify (2.14a) by looking for ω such that
∥∥A−ω(v · ∇)w∥∥  M ′2‖v · ∇w‖p  M ′2‖v‖rp‖∇w‖sp (2.14b)2
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we have that ‖∇w‖sp  M5‖A(β−1)/2(∇w)‖2 = M5‖A(β−1)/2A1/2w‖2 = M5‖Aβ/2w‖2 provided that
β  1 and that sp = 3/(2ω + 1) 6/(3 − 2(β − 1)) which leads to the condition 0 3/4 − β/2 ω
(and we can take ω = 0 if β  3/2). With this we obtain (2.13c) by Poincaré with K0 = M ′2M3M5
since γ − ω = σ .
For (2.13b) we have that∥∥A−γ (w · ∇)v∥∥2  M6‖w · ∇v‖p  M6‖w‖rp‖∇v‖sp (2.14c)
where p = max{1,6/(4γ +3)} and if p = 1 then we take r = s = 2 so that (2.13b) and (2.13d) hold by
Poincaré. Otherwise we now want sp = 2 which says that s = (4γ + 3)/3 so that r = (4γ + 3)/(4γ )
and thus rp = 3/(2γ ). We want for some M7 that ‖w‖rp  M7‖Aβ/2w‖2 or 3/(2γ ) 6/(3 − 2β) or
3− 2β  4γ which again leads to the condition α  3/2. Thus we obtain (2.13b) with M ′0 = M6M7.
For (2.13d) with 1 β  α we modify (2.14c) by looking for ω such that∥∥A−ω(w · ∇)v∥∥2  M8‖w · ∇v‖p  M8‖w‖rp‖∇v‖sp (2.14d)
where as in (2.14b) p = 6/(4ω + 3). We now want sp = 2 which says that s = (4ω + 3)/3 so that r =
(4ω + 3)/(4ω) and thus rp = 3/(2ω). We want for some M9 that ‖w‖rp  M9‖Aβ/2w‖2 or 3/(2ω)
6/(3− 2β) or 3− 2β  4ω; this again for 1 β  3/2 leads to the condition 0 3/4− β/2ω (for
which again we can take ω = 0 if β  3/2), and thus we have (2.13d) by Poincaré with K ′0 = M8M9.
This ﬁnishes the proof of Lemma 6.
Next we consider the case β  α, for which we will prove the following:
Lemma 7. Let β  α  3/2 and let γ = (β −α)/2. Then for v ∈ H2γ+1(Ω) and w ∈ Hβ/2(Ω) we have for a
constant M ′′0 that
∥∥Aγ (w · ∇)v∥∥2  M ′′0∥∥Aγ+1/2v∥∥2∥∥Aβ/2w∥∥22 (2.15a)
and that
∥∥Aγ (v · ∇)w∥∥2  M ′′0∥∥Aγ+1/2v∥∥2∥∥Aβ/2w∥∥22. (2.15b)
To prove this, we have for the appropriate tensor product ⊗ that v · ∇w = div(v ⊗ w) so that for
integer values of γ + 1/2 we have that
∥∥Aγ (v · ∇)w∥∥2 = ∥∥Aγ+1/2(A−1/2 div)(v ⊗ w)∥∥2
= ∥∥(A−1/2 div)Aγ+1/2(v ⊗ w)∥∥2

∥∥Aγ+1/2(v ⊗ w)∥∥2. (2.16)
The leading terms of Aγ+1/2(v ⊗ w) are by Leibniz (Aγ+1/2v) ⊗ w and v ⊗ (Aγ+1/2w). We
have that ‖v ⊗ Aγ+1/2w‖2  ‖v‖2r‖Aγ+1/2w‖2s . Note that β/2 − γ + 1/2 = (α − 1)/2 so that
‖Aγ+1/2w‖2s  M10‖A(α−1)/2(Aγ+1/2w)‖2 = M10‖Aβ/2w‖22 for 2s = 6/[3 − 2(α − 1)] or s = 3/[3 −
2(α − 1)], therefore r = s/(s − 1) = 3/[2(α − 1)] so that 2r = 3/(α − 1). We have that ‖v‖3/(α−1) 
M11‖∇v‖2 if 3/(α − 1) 6/(3− 2) = 6 which holds provided that 1/(α − 1) 2 or α  3/2. Thus for
some M12 we have that ‖v‖2r  M12‖Aγ+1/2v‖2 by Poincaré. We thus have that∥∥v ⊗ Aγ+1/2w∥∥2  M10M12‖∇v‖2∥∥Aβ/2w∥∥2.
We also have that ‖(Aγ+1/2v) ⊗ w‖2  ‖(Aγ+1/2v)‖2a‖w‖2b; we need ‖w‖2b  M13‖Aβ/2w‖2, but
since β  α  3/2 we have that β/2  α  3/4 so we can take b = 2b = ∞ . Then a = 1 so that
J. Avrin, C. Xiao / J. Differential Equations 247 (2009) 2778–2798 27872a = 2 and so ‖(Aγ+1/2v) ⊗ w‖2  M14‖Aγ+1/2v‖2‖Aβ/2w‖22. For the j middle terms in the Leibniz
expansion we use Hölder to get the same bounds as above for constants M j15. By interpolation for
noninteger γ + 1/2 we get (2.15a), and by switching the roles of v and w we get (2.15b). This
completes the proof of Lemma 7.
Next we prove Theorem 3. From (2.7) we obtain that
∥∥u(t)∥∥22  ‖u0‖22e−νλ1t + 1νλ1
t∫
0
∥∥g(s)∥∥22e−νλ1(t−s) ds. (2.17)
Let ft(s) = ‖g(s)‖22e−νλ1(t−s) then note that | ft |  ‖g(s)‖22 ∈ L1(0,∞) and that ft(s) → 0 as t → ∞
for each s; given  > 0 choose N large enough such that
∫∞
N ‖g(s)‖22 ds < /2 then
0
t∫
0
∥∥g(s)∥∥22e−νλ1(t−s) ds

N∫
0
∥∥g(s)∥∥22e−νλ1(t−s) ds +
∞∫
N
∥∥g(s)∥∥22s < /2+ /2 =  (2.18)
for large enough t by the Dominated Convergence Theorem. From (2.18) and (2.17) we see that
‖u(t)‖22 → 0 as t → ∞. By a standard interpolation inequality we have that
∥∥u(t)∥∥
β,2 
∥∥u(t)∥∥1/θ
θβ,2
∥∥u(t)∥∥1−1/θ2 (2.19)
where ‖u‖γ ,2 denotes the norm in the Sobolev space W γ ,2(Ω). Since ‖Aβ/2u‖2 is a norm equivalent
to ‖u‖β,2, and since each of the norms ‖u(t)‖θγ ,2 was shown to be uniformly bounded for all θγ  0
in [1, Section 2], we thus have Theorem 3 from (2.17), (2.18), and (2.19).
The following result, of some interest in its own right, will be key to proving Theorem 4. We need
it rather than depending on the lemmas that appeared in [15,22] (see also [14, Lemma 1.1, Chap-
ter III]), in that they in contrast will lead to exponential dependence on the data; note in particular
the use of Γ ′ ≡ e(γm+Γ )T1 for a constant Γ depending on the size of the data in [14, Lemma 1.1,
Chapter III].
Lemma 8. For any λ > 0 we have that the solution u of (1.1) satisﬁes
ν
t∫
0
e−λ(t−s)‖∇u‖22 ds + 2μ
t∫
0
e−λ(t−s)
∥∥QmAα/2u∥∥22 ds
 ‖u0‖22e−λt + U2g +
L2g
νλ1λ
. (2.20)
To prove this, we multiply both sides of (2.6) by eλs and add λ‖u‖22eλs to both sides to obtain
d
ds
(‖u‖22eλs)+ ν‖∇v‖22eλs + 2μ∥∥QmAα/2u∥∥22eλs
 λ‖u‖22eλs +
1 ‖g‖22eλs. (2.21)νλ1
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‖u‖22eλt + ν
t∫
0
eλs‖∇u‖22 + 2μ
t∫
0
eλs
∥∥QmAα/2u∥∥22 ds
 ‖u0‖22 + λ
t∫
0
‖u‖22eλs ds +
1
νλ1
t∫
0
eλs‖g‖22 ds. (2.22)
Multiplying both sides of (2.22) by e−λt we obtain
‖u‖22 + ν
t∫
0
e−λ(t−s)‖∇u‖22 ds + 2μ
t∫
0
e−λ(t−s)
∥∥QmAα/2u∥∥22 ds
 ‖u0‖22e−λt + λ
t∫
0
‖u‖22e−λ(t−s) ds +
1
νλ1
t∫
0
e−λ(t−s)‖g‖22 ds. (2.23)
Using (2.8) and (2.12), together with
t∫
0
e−λ(t−s) ds =
t∫
0
e−λs ds
∞∫
0
e−λs ds 1
λ
(2.24)
we obtain Lemma 8.
With this result we close our discussion of preliminary observations and results.
3. Proof of Theorem 1
Let wN = u − uN then subtracting (1.2a) from (1.1a) we obtain the following equations for wN :
(wN )t + νAwN + μAϕwN + PN(uN · ∇)wN + PN(wN · ∇)u
= GN + ∇ PN + QN(u · ∇)u (3.1)
where GN = g − gN and PN = P − PN .
Taking the inner product of both sides of (3.1) with AβwN we obtain
1
2
d
dt
∥∥Aβ/2wN∥∥22 + (νAwN + μAϕwN , AβwN)= (V , AβwN) (3.2)
where V = the right-hand side of (3.1) minus the nonlinear terms of the left-hand side. We assume
for simplicity that μ  ν (otherwise replace μ by μ0 ≡ min{μ,ν}) then since the operators A and
Aϕ are positive we have that
(
νA + μAϕwN , AβwN
)
μ
(
(A + Aϕ)wN , AβwN
)
μ
((
PmA + QmAα
)
wN , A
βwN
)
. (3.3)
Now PmA + QmAα = Nα−1Aα where N = PmA−1 + QmI.
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(
νA + μAϕwN , AβwN
)
μ
(
Nα−1AαwN , AβwN
)
= μ(Nα−1A(α+β)/2wN , A(α+β)/2wN)
 μ
λα−1m
∥∥A(α+β)/2wN∥∥22. (3.4)
Meanwhile (∇ PN , AβwN ) = 0 since ∇ · AβwN = Aβ(∇ · wN ) = 0 on a periodic box, while for V1 =
V − ∇ PN we have (V1, AβwN ) = (A−γ V1, A(α+β)/2wN ) for γ = (α − β)/2. By Young’s inequality
(
A−γ V1, A(α+β)/2wN
)
 2λ
α−1
m
μ
4∑
i=1
∥∥A−γ vi∥∥22 + μ2λα−1m
∥∥A(α+β)/2wN∥∥22 (3.5)
where the vi, i = 1, . . . ,4, are the terms of V1. Combining (3.2), (3.4), and (3.5), collecting the terms
of ‖A(α+β)/2wN‖22, and multiplying by 2 we have
d
dt
∥∥Aβ/2wN∥∥22 + μ
λα−1m
∥∥A(α+β)/2wN∥∥22
 4λ
α−1
m
μ
(∥∥A−γ PN(uN · ∇)wN∥∥22 + ∥∥A−γ PN(wN · ∇)u∥∥22
+ ∥∥A−γ GN∥∥22 + ∥∥A−γ QN(u · ∇)u∥∥22). (3.6)
By Lemmas 6 and 7, with v = uN or u and w = wN , we have for C0 =max{M0,M ′0} that
d
dt
∥∥Aβ/2wN∥∥22  4λα−1m C0μ
[∥∥AθuN∥∥22 + ∥∥Aθu∥∥22]∥∥Aβ/2wN∥∥22
+ 4λ
α−1
m
μ
[
1
λ
γ
1
‖GN‖22 +
∥∥A−γ QN(u · ∇)u∥∥22
]
(3.7)
where we have discarded the term μλ1−αm ‖A(α+β)/2wN‖22, used Poincaré on ‖A−γ GN‖22, and used the
fact that PN is an orthogonal projection; here θ = 1/2 if α  β and θ = γ + 1/2 if α < β .
Integrating on (0, t) and using Gronwall’s inequality we have for WN (t) as in (1.3c) that
∥∥Aβ/2wN(t)∥∥22 WN(t)exp
(
4λα−1m C0
μ
t∫
0
[∥∥AθuN∥∥22 + ∥∥Aθu∥∥22]ds
)
. (3.8)
For β > α we obtain from (3.8) and the regularity results in [1, Section 2] (which show that∫ t
0 ‖Aθu‖2 ds C1(Ug , T , θ) where C1 is a polynomial of degree depending on θ ) that
∥∥Aβ/2wN(t)∥∥22 WN(t)exp
(
4λα−1m C0C1T
μ
)
(3.9)
where again WN (t) is as in (1.3c).
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from (3.9), the integrability from the energy inequality of ‖A−γ (u · ∇)u‖22  M0‖Aβ/2u‖22‖∇u‖22 
M0C2‖∇u‖22, the integrability of ‖GN‖22  2‖g‖22, and the Dominated Convergence Theorem.
For β  α so that γ = 1/2, we use (2.6) to obtain in standard fashion
t∫
0
∥∥A1/2u∥∥22 ds 1ν2λ1
t∫
0
‖g‖22 ds (3.10)
and
t∫
0
∥∥A1/2uN∥∥22 ds 1ν2λ1
t∫
0
‖gN‖22 ds
1
ν2λ1
t∫
0
‖g‖22 ds (3.11)
so that from (3.8)
∥∥Aβ/2wN (t)∥∥22 WN(t)exp
(
8μ−1λα−1m C0(λ1ν)−2
t∫
0
‖g‖22 ds
)
. (3.12)
Using the discussion involving the Dominated Convergence Theorem and C2 from the above we
see that the convergence as N → ∞ in (3.12) is uniform on [0, T ], proving Theorem 1 in the case
β  α, and thus we conclude this section.
4. Proofs of Theorems 4 and 5
We apply Qn to both sides of (3.1) and take the inner product with Aβ QnwN , noting that
Qn Aϕ v = Qn Aαv since n  m and that (A−γ V1, A(α+β)/2QnwN ) = (A−γ V1, A(α+β)/2Q 2n wN ) =
(A−γ QnV1, A(α+β)/2QnwN ). We then proceed as in (3.6), (3.7), only now we use (2.13c), (2.13d)
of Lemma 6, and Young’s inequality in a similar way to obtain for 1  β  3/2  α and for
C1 = max{K0, K ′0} that
d
dt
∥∥Aβ/2QnwN∥∥22 + μ∥∥A(α+β)/2QnwN∥∥22

4C1λ
−2σ
n+1
μ
[∥∥A1/2uN∥∥22 + ∥∥A1/2u∥∥22]∥∥Aβ/2wN∥∥22
+ 4
μ
∥∥A−γ QN(u · ∇)u∥∥22 + 4μλγ1 ‖QnGN‖
2
2 (4.1)
where since α  β we can take θ = 1/2 and where we note that we can assume that N > n; note
also we have not included the term λα−1m when using Young’s inequality since we will not use the
operator Nα−1 in this section. Set
UN =
∥∥A1/2uN∥∥22 + ∥∥A1/2u∥∥22 (4.2)
and
F Q ,N (t) = 4
μ
‖QnGN‖22 +
4
λ
γ
∥∥A−γ QN(u · ∇)u∥∥22 (4.3)
1
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d
dt
∥∥Aβ/2QnwN∥∥22 + μλαn+1∥∥Aβ/2QnwN∥∥22

4C1λ
−2σ
n+1
μ
UN
∥∥Aβ/2wN∥∥22 + F Q ,N(t)
 4C1
μ
UN
(
λ−2σn+1
∥∥Aβ/2PnwN∥∥22 + λ−2σn+1 ∥∥Aβ/2QnwN∥∥22)+ F Q ,N(t) (4.4)
which in a DM approach we could write as
d
dt
∥∥Aβ/2QnwN∥∥22 +
(
μλαn+1 −
4C1λ
−2σ
n+1
μ
UN
)∥∥Aβ/2QnwN∥∥22

4C1λ
−2σ
n+1
μ
UN
∥∥Aβ/2PnwN∥∥22 + F Q ,N(t) (4.5)
or
d
dt
∥∥Aβ/2QnwN∥∥22 + a(t)∥∥Aβ/2QnwN(t)∥∥22  b(t) (4.6)
where
a = μλαn+1 −
4C1λ
−2σ
n+1
μ
UN (4.7a)
and
b = 4C1λ
−2σ
n+1
μ
UN
∥∥Aβ/2PnwN∥∥22 + F Q ,N(t). (4.7b)
Alternatively, by Poincaré we have
λα−1n+1
∥∥QnA1/2u∥∥22  ∥∥QnA(α−1)/2A1/2u∥∥22 = ∥∥QnAα/2u∥∥22 (4.8)
so that, from Lemma 8 with λ = μλαn+1,
t∫
0
e−μ(t−s)λ
α
n+1
∥∥QnA1/2u∥∥22 ds 12μλα−1n+1
[
‖u0‖22 + U2g +
L2g
μνλ1λ
α
n+1
]
 1
2μλα−1n+1
[
2‖u0‖22 +
(
1+ νλ1
μλαn+1
)(
Lg
νλ1
)2]
 1
μλα−1n+1
(
3+ 2η + νλ1
μλαn+1
)(
Lg
νλ1
)2
. (4.9)
Meanwhile ‖Pn A1/2u‖22  λn‖u‖22  λnU g so that
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0
e−μ(t−s)λ
α
n+1
∥∥Pn A1/2u∥∥22 ds λnU g
t∫
0
e−μ(t−s)λ
α
n+1 dt
 λnU gμ−1λ−αn+1  (μλn+1)
−(α−1)(2+ η)
(
Lg
νλ1
)2
. (4.10)
Combining (4.9) and (4.10) we have that
t∫
0
e−μ(t−s)λ
α
n+1‖∇u‖22 ds
1
μλα−1n+1
(
5+ 3η + νλ1
μλαn+1
)(
Lg
νλ1
)2
. (4.11)
We note that (4.11) holds with u replaced by uN , since Lemma 8 holds with uN replacing u, and since
‖uN (0)‖2  ‖u0‖2 and ‖gN‖2  ‖g‖2. Hence
t∫
0
e−μ(t−s)λ
α
n+1UN ds
2
μλα−1n+1
(
5+ 3η + νλ1
μλαn+1
)(
Lg
νλ1
)2
. (4.12)
Integrating the differential inequality (4.4) we obtain
∥∥Aβ/2QnwN∥∥22  ∥∥Aβ/2QnwN(0)∥∥22e−μλαn+1t
+ 4C1λ
−2σ
n+1
μ
t∫
0
e−μλ
α
n+1(t−s)UN
∥∥Aβ/2QnwN∥∥22 ds
+ 4C1λ
−2σ
n+1
μ
t∫
0
e−μλ
α
n+1(t−s)UN
∥∥Aβ/2PnwN∥∥22 ds
+
t∫
0
e−μλ
α
n+1(t−s)F Q ,N (s)ds. (4.13)
Setting ρP (t) = sup0st ‖Aβ/2PnwN‖22 and setting ρQ (t) = sup0st ‖Aβ/2QnwN (s)‖22, we have from
(4.12) and (4.13) that
∥∥Aβ/2QnwN∥∥22  ∥∥Aβ/2QnwN(0)∥∥22
+ 4C1λ
−2σ
n+1
μ
( t∫
0
e−μ(t−s)λ
α
n+1UN ds
)
ρQ (t)
+ 4C1λ
−2σ
n+1
μ
( t∫
0
e−μ(t−s)λ
α
n+1UN ds
)
ρP (t)
+
t∫
e−μ(t−s)λ
α
n+1 F Q ,N(s)ds0
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∥∥Aβ/2QnwN(0)∥∥22 +
t∫
0
e−μ(t−s)λ
α
n+1 F Q ,N (s)ds
+ 8C1
μ2λ
2α−5/2
n+1
(
5+ 3η + νλ1
μλαn+1
)(
Lg
νλ1
)2
ρQ (t)
+ 8C1
μ2λ
2α−5/2
n+1
(
5+ 3η + νλ1
μλαn+1
)(
Lg
νλ1
)2
ρP (t). (4.14)
Set FQ ,N(t) = sup0st
∫ s
0 e
−μ(s−τ )λαn+1 F Q ,N(τ )dτ , then (4.14) holds with FQ ,N replacing∫ t
0 e
−μ(t−s)λαn+1 F Q ,N(s)ds on the right-hand side so that
ρQ (t)
∥∥Aβ/2QnwN∥∥22 + FQ ,N(t)
+ 8C1
μ2λ
2α−5/2
n+1
(
5+ 3η + νλ1
μλαn+1
)(
Lg
νλ1
)2
ρQ (t)
+ 8C1
μ2λ
2α−5/2
n+1
(
5+ 3η + νλ1
μλαn+1
)(
Lg
νλ1
)2
ρP (t); (4.15)
hence if
8C1
μ2λ
2α−5/2
n+1
(
5+ 3η + νλ1
μλαn+1
)(
Lg
νλ1
)2
 1
2
(4.16)
which requires that
λ
2α−5/2
n+1 
16C1
μ2
(
5+ 3η + νλ1
μλαn+1
)(
Lg
νλ1
)2
(4.17)
then
ρQ (t) 2
∥∥Aβ/2QnwN(0)∥∥22 + 2FQ ,N(t)
+ 16C1
μ2λ
2α−5/2
n+1
(
5+ 3η + νλ1
μλαn+1
)(
Lg
νλ1
)2
ρP (t). (4.18)
Thus by choosing n large enough we obtain linear dependence of ρQ on all convergence factors, and
there are no exponential terms except as may appear in estimates of ρP (t). This ﬁnishes the proof of
Theorem 4, using an integral-equation variant of (4.6).
Now we use the above results to obtain a bound on ‖Aβ/2PnwN‖22, and thus establish Theorem 5.
First we apply Pn to both sides of (3.1) and take the inner product with Aβ/2PnwN to obtain in
similar fashion to the calculations (3.2)–(3.6) that
1
2
d
dt
∥∥Aβ/2PnwN∥∥22 + ν∥∥A 1+β2 PnwN∥∥22
 C0
(‖∇uN‖2 + ‖∇u‖2)∥∥A α+β2 PnwN∥∥2 + 1
λ
1/2
1
‖GN‖2
∥∥A 1+β2 wN∥∥2 (4.19)
where we note that PnQ N = 0 and that (4.19) holds for any α  3/2.
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1+β
2 PnwN‖2; applying Young’s in-
equality we have
d
dt
∥∥Aβ/2PnwN∥∥22 + ν∥∥A 1+β2 PnwN∥∥22
 3
νλ1
‖GN‖22 +
3λ1/2n C0
ν
UN
∥∥Aβ/2QnwN∥∥22 + 3λ
1/2
n C0
ν
UN
∥∥Aβ/2PnwN∥∥22. (4.20)
Noting that ‖A 1+β2 PnwN‖22  λ1‖Aβ/2PnwN‖22 we integrate the differential inequality (4.20) to obtain
∥∥Aβ/2PnwN∥∥22  ∥∥Aβ/2PnwN∥∥22e−νλ1t + 3νλ1
t∫
0
e−νλ1(t−s)‖GN‖22 ds
+ 3λ
1/2
n C0
ν
t∫
0
e−νλ1(t−s)UN(s)ρQ (s)ds
+ 3λ
1/2
n C0
ν
t∫
0
e−νλ1(t−s)UN(s)ρP (s)ds. (4.21)
Combining (4.17) and (4.18), and noting that FQ ,N(s)FQ ,N(t) for s t we have that
ρQ (s) 2
∥∥Aβ/2QnwN(0)∥∥22 + 2FQ ,N(t) + ρP (s). (4.22)
In similar fashion to (4.9)
t∫
0
e−νλ1(t−s)UN(s)ds
1
ν
(3+ 2η + ν)
(
Lg
νλ1
)2
(4.23)
so combing (4.21)–(4.23) we have for
LGN ≡ sup
0st
3
νλ1
s∫
0
e−νλ1(s−τ )
∥∥GN(τ )∥∥22 dτ (4.24)
that
∥∥Aβ/2PnwN∥∥22  ∥∥Aβ/2PnwN(0)∥∥22 + 3(νλ1)2 LGN
+ 6λ
1/2
n C0(3+ 2η + ν)
ν2
(
Lg
νλ1
)2[∥∥Aβ/2QnwN(0)∥∥22 + FQ ,N(t)]
+ 6λ
1/2
n C0
ν
t∫
e−vλ1(t−s)UN(s)ρP (s)ds. (4.25)0
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hand side we obtain
ρP (t)
∥∥Aβ/2PnwN∥∥22 + 3(νλ1)2 LGN
+ 6λ
1/2
n C0(3+ 2η + ν)
ν2
(
Lg
νλ1
)2[∥∥Aβ/2QnwN(0)∥∥22 + FQ ,N(t)]
+ 6λ
1/2
n C0
ν
t∫
0
UN(s)ρP (s)ds (4.26)
from which by Gronwall we obtain, for wN,0 ≡ wN (0), for G0 = Lg/(νλ1), and
WN,0(t) ≡
∥∥Aβ/2PnwN,0∥∥22 + 3LGN(νλ1)2
+ 6λ
1/2
n C0(3+ 2η + ν)
ν2
G20
(∥∥Aβ/2QnwN,0∥∥22 + FQ ,N(t)) (4.27)
that
ρP (t)WN,0(t)exp
(
6λ1/2n C0
ν
t∫
0
UN(s)ds
)
WN,0(t)exp
(
12λ1/2n C0
ν2
[
(1+ η)G20 +
1
νλ1
t∫
0
‖g‖22 ds
])
(4.28)
and in the case of decaying turbulence we can replace
∫ t
0 ‖g‖22 ds by
∫∞
0 ‖g‖22 ds. The estimate (4.28)
grows with n, but only as a fractional power of it; in fact, since λn ∼ cλ1n2/3, the dependence on n is
like n1/3. This completes the proof of Theorem 5.
5. Continuous dependence on data
Suppose we have two solutions v(t) and u(t) to (1.1) with forcing data f (t) and g(t) and pressure
terms p1 and p2 respectively. Their difference w(t) ≡ v(t)− u(t) satisﬁes an equation similar to (3.1),
namely:
(w)t + νAw + μAϕw + (v · ∇)w + (w · ∇)u = G + ∇ P (5.1)
where G = f − g and P = p1 − p2. Using the same techniques that led to (4.6) and (4.7) with just a
slightly different use of Young’s inequality (there is no term like A−γ QN (u · ∇)u) we obtain for nm
that Qnw satisﬁes
d ∥∥Aβ/2Qnw∥∥22 + a(t)∥∥Aβ/2Qnw(t)∥∥22  b(t) (5.2)dt
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a = μλαn+1 −
3C1λ
−2σ
n+1
μ
U (5.3a)
and
b = 3C1λ
−2σ
n+1
μ
U
∥∥Aβ/2Pmw∥∥22 + 3μ‖QnG‖22. (5.3b)
Based on these estimates it is straightforward to adapt the techniques used to prove Theorem 4
to obtain the following result relating the continuous dependence of Qnw on its corresponding data
and on Pnw:
Theorem 9. Let Lg and η be as above, suppose that α  3/2 β  1, and assume that
λ
2α−5/2
n+1 
12C1
μ2
(
5+ 3η + νλ1
μλαn+1
)(
Lg
νλ1
)2
(5.4)
then if I is any interval over which ‖Aβ/2Pnw(t)‖22 and ‖QnG(t)‖22 have suprema, then we have for a generic
constant C1 as above that
sup
t∈I
∥∥Aβ/2Qnw(t)∥∥22  2∥∥Aβ/2Qnw(0)∥∥22 + 6μ supt∈I
∥∥QnG(t)∥∥22
+ 12C1
μ2λ
2α−5/2
n+1
(
5+ 3η + νλ1
μλαn+1
)(
Lg
νλ1
)2
sup
t∈I
∥∥Aβ/2Pnw(t)∥∥22. (5.5)
To in turn establish estimates on ‖Aβ/2Pmw(t)‖22, we can straightforwardly adapt the techniques
used to prove Theorem 5. We note again the connection to the Kolmogorov theory (deeper here
because there is no QN(u · ∇)u term) arising from the linear dependence on the data in (5.5).
6. Conclusion
The SEV and SVV models arose as attempts to overcome well-known weaknesses of standard LES
techniques (see e.g. [4,5,23]), whose underlying assumptions, for example, are at odds with the ﬁnd-
ings in [4] that the local energy ﬂux can be poorly correlated with the local energy dissipation
rate. As early as the mid-seventies other weaknesses of standard eddy-viscosity models had been
observed and in [25] Kraichnan argued alternatively for modeling the effects of the subgrid scales on
the resolvable scales via a dissipative term whose coeﬃcient must vary with the wavenumber k; if
we let m above represent the boundary between subgrid-scale wavenumbers k > m and resolvable
wavenumbers k < m, then his spectral eddy-viscosity coeﬃcient is minimal until an m0 such that
m −m0  (1/8)m whereupon the SEV coeﬃcient rises sharply to a cusp between m0 and m. That the
coeﬃcients of SEV should follow an Arrhenius-like distribution as a function of the wavenumber was
further explored in [7,8].
Following the theoretical results for SVV developed for conservation laws by Tadmor [31], and
subsequent computational results [6], Karamanos and Karniadakis [23] applied SVV to 3D turbulence
modeling as an approximation to SEV; also see Sirisup and Karniadakis [30] for an application of
SVV to a POD model of 2D ﬂow. The application of SVV in [23] is accomplished using second-order
kernels for ready implementation in a standard ﬁnite-element framework, but the authors point out
that hyperviscosity kernels can be used in their methodological framework if discontinuous Galerkin
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spectral hyperviscosity, and for a common value of the Kolmogorov constant an Arrhenius-like distri-
bution is observed for what is essentially the ratio μ/ν . One can view the basic idea of SVV as using
a smoothed-out Heaviside function as an approximation to the Arrhenius-like distribution. Our main
goal here has been to study Galerkin convergence for a version of SVV that directly realizes the idea
of ‘using hyperviscous dissipation that will affect only the high Fourier modes’.
Meanwhile, since (2.13c) and (2.13d) hold for all 1 β  3/2 α, we can for the moment replace
β by 3/2 in the statement of Theorem 4 and use Poincaré for β < 3/2 to note that
λ
3/2−β
n+1
∥∥Aβ/2Qnw(t)∥∥22  ∥∥A3/4Qnw(t)∥∥22. (6.1)
Using (6.1) on the left-hand sides of the estimate (1.16) and dividing through by λα−βm+1 we obtain
sup
0tT
∥∥Aβ/2Qnw(t)∥∥22
 2
λ
3/2−β
n+1
∥∥A3/4QnwN(0)∥∥22 + 2
λ
3/2−β
n+1
FQ ,N(t)
+ 16C1
μ2λ
2α+3/2−(β+5/2)
n+1
(
5+ 3η + νλ1
μλαn+1
)(
Lg
νλ1
)2
sup
0tT
∥∥A3/4Pnw(t)∥∥22 (6.2)
where we replace β by 3/2 in the deﬁnition of FQ ,N(t); note that (6.2) is a stronger result that
reduces the size of our estimates.
It is natural to assume that similar techniques to those used in the proof of Theorem 4 are appli-
cable to estimating bounds on the number of determining modes. There are a few differences in the
arguments used, especially those which involve examining certain estimates asymptotically as t → ∞,
whereas here we necessarily consider convergence on entire intervals [0, T ] and [0,∞). As such we
will address the topic of determining modes in a separate paper, along with results on the number of
determining nodes ([18], [22], also see [14, Chapter III]); in the latter cases there are some signiﬁcant
differences in the arguments that need to be used.
We note that DM and IM results, the related results in Theorems 4 and 5, and estimates for the
number of degrees of freedom are a measure of the complexity of the systems they study. Further
results in this regard include lower bounds on the dimension of the attractor for the 2D NSE; see the
discussion and references in [14] and [34]. Another interesting way to obtain a lower-bound estimate
on the complexity is to provide upper bounds on the size of the nodal set for the vorticity, as was
done in [26,27] for periodic solutions of the 2D NSE.
It would have been fairly straightforward to also include results on the convergence of the at-
tractors and inertial manifolds of the Galerkin systems to those corresponding to (1.1), along the
lines of the corresponding results in [17,34]. We hope to discuss these in a separate paper in which
we will also seek to establish trajectory-tracking results in which trajectories of Galerkin solutions
will be compared with trajectories on the attractor for (1.1). In any future exploration of spectrally-
hyperviscous models, we expect that the sharpest results will be obtained by employing spectral-
decomposition techniques similar to the ones developed in [1] as well as those appearing in these
pages. In essence, this approach reﬂects an underlying philosophy of treating turbulence modeling as
a multiscale phenomenon.
References
[1] J. Avrin, The asymptotic ﬁnite-dimensional character of a spectrally-hyperviscous model of 3-d turbulent ﬂow, J. Dynam.
Differential Equations 20 (2008) 479–518.
[2] J. Avrin, Singular initial data and uniform global bounds for the hyperviscous Navier–Stokes equations with periodic bound-
ary conditions, J. Differential Equations 190 (2003) 330–351.
2798 J. Avrin, C. Xiao / J. Differential Equations 247 (2009) 2778–2798[3] V. Borue, S. Orszag, Numerical study of three-dimensional Kolmogorov ﬂow at high Reynolds numbers, J. Fluid Mech. 306
(1996) 293–323.
[4] V. Borue, S. Orszag, Local energy ﬂux and subgrid-scale statistics in three-dimensional turbulence, J. Fluid Mech. 306 (1998)
1–31.
[5] S. Cerutti, C. Meneveau, O.M. Knio, Spectral and hyper-eddy viscosity in high-Reynolds-number turbulence, J. Fluid
Mech. 421 (2000) 307–338.
[6] G.Q. Chen, Q. Du, E. Tadmor, Spectral viscosity approximations to multidimensional conservation laws, Math. Comp. 61
(1993) 629–643.
[7] J. Chollet, Two point closure used for a sub-grid scale model in LES, in: J.L. Bradbury, F. Durst, B. Launder, F. Schmidt,
J. Whitelaw (Eds.), Turbulent Shear Flows 4, Springer-Verlag, 1985, pp. 62–72.
[8] J. Chollet, M. Lesieur, Parametrization of small scales of three-dimensional isotropic turbulence utilizing spectral closures,
J. Atmospheric Sci. 38 (1981) 2747–2757.
[9] P. Constantin, C.F. Foias, Global Liapunov exponents, Kaplan–Yorke formulas and the dimension of the attractor for the 2-d
Navier–Stokes equations, Comm. Pure Appl. Math. 38 (1985) 1–27.
[10] P. Constantin, C. Foias, O. Manley, R. Temam, Determining modes and fractal dimensions of turbulent ﬂows, J. Fluid
Mech. 150 (1985) 427–440.
[11] P. Constantin, C.F. Foias, R. Temam, Attractors representing turbulent ﬂows, Mem. Amer. Math. Soc. 53 (1985).
[12] P. Constantin, C. Foias, R. Temam, On the dimension of the attractors in two dimensional turbulence, Phys. D 30 (1988)
284–296.
[13] C. Foias, D.D. Holm, E.S. Titi, The three-dimensional viscous Camassa–Holm equations and their relation to the Navier–
Stokes equations and turbulence theory, J. Dynam. Differential Equations 14 (2002) 1–34.
[14] C. Foias, O.P. Manley, R. Rosa, R. Temam, Navier–Stokes Equations and Turbulence, Cambridge University Press, 2001.
[15] C. Foias, O.P. Manley, R. Temam, Y.M. Trève, Asymptotic analysis of the Navier–Stokes equations, Phys. D 9 (1983) 157–158.
[16] C. Foias, G.R. Sell, R. Temam, Variétés inertielles des équations differentielles dissipatives, C. R. Acad. Sci. Paris Sér. I 301
(1985) 139–142.
[17] C. Foias, G.R. Sell, R. Temam, Inertial manifolds for nonlinear evolutionary equations, J. Differential Equations 73 (1988)
309–353.
[18] C. Foias, R. Temam, Determination of the solutions of the Navier–Stokes equations by a set of nodal values, Math. Comp. 43
(1984) 117–133.
[19] J.-L. Guermond, J.T. Oden, S. Prudhomme, Mathematical perspectives on large-eddy simulation models for turbulent ﬂows,
J. Math. Fluid Mech. 6 (2004) 194–248.
[20] D.D. Holm, J.E. Marsden, T.S. Ratiu, Euler–Poincaré equations and semidirect products with applications to continuum the-
ories, Adv. Math. 137 (1998) 1–81.
[21] D.D. Holm, J.E. Marsden, T.S. Ratiu, Euler–Poincaré models of ideal ﬂuids with nonlinear dispersion, Phys. Rev. Lett. 80
(1998) 4173–4176.
[22] D.A. Jones, E.S. Titi, Upper bounds on the number of determining modes, nodes, and volume elements for the Navier–Stokes
equations, Indiana Univ. Math. J. 42 (1993) 875–887.
[23] G.S. Karamanos, G.E. Karniadakis, A spectral vanishing viscosity method for large-eddy simulations, J. Comput. Phys. 163
(2000) 22–50.
[24] A.N. Kolmogorov, The local structure of turbulence in incompressible viscous ﬂuid for very large Reynolds numbers, C. R.
(Doklady) Acad. Sci. URSS 30 (1941) 301–305.
[25] R.H. Kraichnan, Eddy viscosity in two and three dimensions, J. Atmospheric Sci. 33 (1976) 1521–1536.
[26] I. Kukavica, Level sets of the vorticity and the stream function for the 2D periodic Navier–Stokes equations with potential
forces, J. Differential Equations 126 (1995) 374–388.
[27] I. Kukavica, Length of vorticity nodal sets for solutions of the 2D Navier–Stokes equations, Comm. Partial Differential Equa-
tions 28 (2003) 771–793.
[28] L. Landau, E. Lifschitz, Fluid Mechanics, Addison–Wesley, New York, 1953.
[29] J.-L. Lions, Quelques résultats d’existence dans des équations aux dérivées partielles non linéaires, Bull. Soc. Math. France 87
(1959) 245–273.
[30] S. Sirisup, G.E. Karniadakis, A spectral viscosity method for correcting the long-term behavior of POD models, J. Comput.
Phys. 194 (2004) 92–116.
[31] E. Tadmor, Convergence of spectral methods for nonlinear conservation laws, SIAM J. Numer. Anal. 26 (1989) 30–44.
[32] R. Temam, Attractors for Navier–Stokes equations, in: H. Brézis, J.L. Lions (Eds.), Nonlinear Partial Differential Equations and
Their Applications, in: Séminaire du Collège de France, vol. 7, Pitman, Boston, 1985, pp. 272–292.
[33] R. Temam, Inﬁnite-dimensional dynamical systems in ﬂuid mechanics, in: F. Browder (Ed.), Nonlinear Functional Analysis
and Its Applications, in: Proc. Sympos. Pure Math., vol. 45, Amer. Math. Soc., Providence, RI, 1986, pp. 40–45.
[34] R. Temam, Inﬁnite-Dimensional Dynamical Systems in Mechanics and Physics, Springer-Verlag, New York, 1996.
[35] P. Zgliczynki, On smooth dependence on initial conditions for dissipative PDEs, an ODE-type approach, J. Differential Equa-
tions 195 (2003) 271–283.
